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SUMMARY
LECTURE II: RESUMMATION

ALTARELLI-PARISI REVISITED: GLUON EMISSION

SINGULARITIES AND LOGARITHMS

RENORMALIZATION GROUP AND EXPONENTIATION OF SOFT LOGARITHMS
SUDAKOV RESUMMATION AND INFRARED SINGULARITIES

TRANSVERSE MOMENTUM RESUMMATION AND COLLINEAR SINGULARITIES

HIGH ENERGY FACTORIZATION AND RESUMMATION

THE BFKL EQUATION IN COLLINEAR FACTORIZATION



LARGE LOGS: GLUON EMISSION
FACTORIZED COLLINEAR EMISSION, UP TO NON-LOGARITHMIC TERMS:

Z . ; ©xP @
A /"‘
2

oW (r, Q%) = /Tl dfa(o) (2,@2) P(x)aln %

THE GLUON SPLITTING FUNCTION

x 1l —=x

Pyg(x) =2C» [1 +z(1 — x)] + Bod (1 — x)

—.CL’_|_ T
T <> 1 — x SYMMETRY

THE PARTONIC CROSS-SECTION IS A DISTRIBUTION

+ DISTRIBUTION: f(x)+ ACTS ON g(x) AS fo drf(z)+g(x) = fo dz f(x)[g(x) — g(1)]

DIVERGENCES & LOGS
2
COLLINEAR: f:Z_QZ)Q/S dkig ~ In [Q—j @} In & & . (1 =72 +1Inr

n I

INFRARED (SOFT, LARGE-z, SUDAKOV) fj dyﬁJr ~In(l—171)

HIGH-ENERGY (SMALL-z, BFKL) [l dyl ~ In(7)



EIKONAL EMISSION

k
VDL, S

p+Ek+m
(p+ k)2 —m?2 + e
2p + (m —p)y* +O(k)  pt

= u(p) 20 k1 ic Ip.kU(p)

u(p) — u(p)iex” (—i)

SOFT GLUON EMISSION = UNIVERSAL EIKONAL FACTOR

COLLINEAR VS. SOFT:
— SOFT EMISSION IS ALSO COLLINEAR; COLLINEAR EMISSION MAY BE NON-SOFT
— COLLINEAR EMISSION => UNIVERSAL PARTON-DEPENDENT ALTARELLI-PARISI FACTOR;
— SOFT GLUON EMISSION => UNIVERSAL EIKONAL FACTOR

CROSS SECTION FOR SINGLE (DOUBLE. . .) EMISSION INFRARED DIVERGENT:
1 d
Jdk. o5 = [ 1%
DIVERGENCE CANCELLED BY VIRTUAL CORRECTIONS: SINGLE EMISSION CANCELLED BY

ONE-LOOP, DOUBLE EMISSION CANCELLED BY TWO LOOPS ETC:

REAL ~ [ 2% REAL*VIRTUAL ~ [ %5

AFTER CANCELLATION, LEFTOVER SOFT LOGS

EMISSION FROM A GLUON LINE — SOFT < HARD SYMMETRY



SOFT LOGS

x SPACE VS. N SPACE

1 InP(1 — 1 1 1
/ dzaN -1 (1-2) = InP*tt — 4+ O(In? —)
0 (1—2x)+ p+1 N N

m—>1(:>N—>oo;O(1—az)<:>O(%)

1

EACH EMISSION — EXTRA FACTOR OF ( 1 N

T < In

IN  SPACE, EMISSION CONVOLUTIVE — IN [N SPACE, MULTIPLICATIVE
MELLIN FACTORIZES PHASE SPACE

n—1_
n-TUPLE EMISSION = EXTRA FACTOR OF In" % o o = Sf)

IRC LOGS

AT EACH PERTURBATIVE ORDER, TWO SOFT LOGS:
1 1
INFRARED |~ dym+ ~ In(l — 1)

2.2 2 2
COLLINEAR fyf; Q5)7/s %t ~In(l — )2 ~ In(1 — 7)?
t

FACTORIZATION SCHEME CHOICE: CAN REDEFINE OPERATOR MATRIX ELEMENT BY ANY FINTE
Zn(as): Ap — Z,(as)A, <> REDEFINE PDF ¢ - Z ® ¢

I 2
MS (MINIMAL SUBTRACTION) = ONLY In % SUBTRACTED FROM & INTO PDF EVOLUTION

MS PARTONIC XSECT CONTAINS TWO EXTRA SOFT LOGS AT EACH EXTRA PERTURBATIVE

ORDER



THRESHOLD RESUMMATION & RG INVARIANCE I

COLORLESS PRODUCTION (HIGGS, DRELL YAN)

FACTORIZATION, KINEMATICS & SCALE SEPARATION
L,

< o &

7 = (-2) 2 2 212
q P §>""( + O ( . 2 2. M2..92 _ (s2=M?)
i’sz_:. ~9§? » q° =M= T = s’kS s

K
Pa

e RADIATION FROM INTERNAL LINES POWER-SUPPRESSED IN SOFT LIMIT

P H "HARD” FUNCTION
e LOOPS: y@—— 1 = 0% M?)H(M?) (LOOP CORRECTIONS TO LEADING-ORDER o)
P DIMENSIONLESS, DEPENDS ONLY ON M ?
“JET” FUNCTION(S)
DIMENSIONLESS, DEPENDS
ONLY ON M?(1 — 7)? IN
fe SOFT LIMIT: PHASE-SPACE!

e

e REAL EMISSION: =o0(M?)J(M?(1 — 1)?)

o Ing(M?,7) =In H(M?)+1InJ(M?(1 — 7)?) PARTONIC XSEC FACTORIZES INTO

FUNCT. OF M? (HARD SCALE) & FUNCT. OF M?(1 — 7)? (SOFT SCALE)



THRESHOLD RESUMMATION & RG INVARIANCE II

COLORLESS PRODUCTION (HIGGS, DRELL YAN)
RG IMPROVEMENT
MELLIN TRANSFORM F(M2(1 — 7)?) & F (Mz)

MELLIN-SPACE PARTONIC CROSS-SECTION: 0 o
Iné (M?, u?, N, a(p?)) = anO(M2)+lnH( ,a(p? )) —|—1nJ(MM/2N ,oz(,u2)>

0 IS NOT RG INVARIANT (NOT PHYSICAL OBSERVABLE); &thys = M? 6 1S RG INVARIANT
MELLIN SPACE & MULTIPLICATIVELY RENORMALIZED:

o™ (N, M?, a” (u?)) = Z(N,a" (u*))o’ (N, M?, a’(u?))

d
dM?2

DEFINE PHYSICAL ANOMALOUS DIMENSION vPPYs = M2 2 (In H +InJ) = v° + 4!

C M N2
~¢ = M? sz lnH( 2,05(,u, )) 'yl:MQdM2 an< M/ Lo ))

RG INVARIANCE CONDTION 2 #fyphys = 0 BUT ~!, v° NOT SEPARATELY RGI

OBSERVATION: ~! DEPENDS ON M?2/N?2, 70 DEPENDS ON M 2!

et (B o) 3t (1) = ol

LOOKS LIKE A RG EQUATION!

SOL: ~€ (]‘52@(#2)) = ¢ (1, a(M?)); o (%, ) fM /N d’% g [a(p?)]




THE STRUCTURE OF RESUMMED TOTAL CROSS-SECTIONS I

PARTONIC CROSS SECTION IN THE SOFT LIMIT

2 M? N? 4
(N N al )) = 00(M?)H(a(M?)) exp / / =g [a(u?/n)] = 00(M?)Cres (N, 0t

'“F

RESUMMATION AS RG EVOLUTION DOWN TO SOFT SCALE

LOG COUNTING
Cres(N,as) = go(as) exp [0%991(043 InN) 4+ ga(asIn N) 4+ asgs(asInN) + .. .];

go(as) =14 asgo1 +a2goz +0(al); g1(A) =372, 916", gi(A) = 272, gi, s A" FOR G > 2

LOG APPROX.  XSECT ACCURACY  EXP. ACCURACY: a”LF  go ACCURACY: o
LL k= 2n k=n-+1 0
NLL 2n — 2 < k< 2n k=n 1
NNLL 2n —4 < k < 2n k=n-—1 2

NOTE ACCURACY OF go ONE ORDER HIGHER THAN CORRESP. LOG ACCURACY = INCREASES LOG

ACCURACY OF ¢ BY ONE ORDER



THE STRUCTURE OF RESUMMED TOTAL CROSS-SECTIONS II
RG INVARIANT EXPRESSION

Cres (N, ) = go(as) exp /N d”/ " 29 [a(u /n)}]

) 2N-1 _ 1 pM2(1-=)? dp?
= go(as) exp /0 dm—l — /M2 12 — 9 [a(u )]]

e TO BE USED WITH PDFS EVALUATED AT p} = M?

e ( DETERMINED ORDER BY ORER BY g
= “SOFT SPLITTING FUNCTION VS. “SOFT ANOMALOUS DIMENSION”

® §o, go INCLUDE MISSING “CONSTANT” TERMS

CUSP ANOMALOUS DIMENSION

Crea (N, @s) = o (o) exp [2/01@:—3612__1; /A;z)ZMQ WA (o () + D3 (o (- 7 MQ))]

e A AND D POWER SERIES IN o

® LEADING LOG = LEADING ORDER A <+ COEFFICIENT OF

+ IN SPLITTING FUNCTION

e O(al) CONTRIBUTION TO A DEFINED AS O(«a') COEFFICIENT OF
CUSP ANOMALOUS DIMENSION

+ IN SPLITTING FUNCTION:

e D STARTS AT NNLO, DUE TO LARGE-ANGLE GLUON EMISSION

e IF FINAL STATE CAN RADIATE (E.G. DIS), FURTHER D-LIKE “B” TERM DUE TO FINAL-STATE COLLINEAR
RADIATION



APPLIED THRESHOLD RESUMMATION
RESUMMATION REQUIRED IF a/ln & ~ 1 < PROVIDES INFO ON ALL-ORDER &
ROUTINELY USED TO IMPROVE ACCURACY OF FIXED-ORDER BY MATCHING TO IT

PROCESS-DEPENDENT RESUMMATION COEFFICIENTS CAN BE DETERMINED FOR ANY
ELECTRO- OR HADRO-PRODUCTION PROCESS

CAN BE PERFORMED BOTH FOR TOTAL CROSS-SECTIONS RAPIDITY DISTRIBUTIONS,
TRANSVERSE-MOMENTUM DISTRIBUTIONS

g COEFFICIENTS DETERMINED COMPARING TO FIXED ORDER
= FINITE-ORDER FIXES RESUMMATION AT CORRESPONDING LOGARITHMIC ORDER:
N*LO = NFLL

A DETERMINED FROM SOFT LIMIT OF FP,, OR P,

B, D COEFFICIENTS DETERMINED FROM SOFT LIMIT OF HARD CROSS-SECTIONS

NNNLL AVAILABLE FOR PROCESSES WITH TWO PARTONS AT BORN LEVEL: DRELL-YAN, HIGGS; NNLL
AVAILABLE FOR HEAVY QUARKS; GRADUALLY EXTENDED TO PROCESSES WITH THREE OR MORE PARTONS AT

BORN LEVEL: PROMPT PHOTONS, W, Z AND HIGGS AT HIGH p;, JETS, ONE-PARTICLE INCLUSIVE



TRANSVERSE MOMENTUM RESUMMATION
THE p; DISTRIBUTION

P(p1) + P(p2) — H(p) + X

p=op1+Bp2+ps; Pt-p1L=ps -p2=0
FACTORIZATION

2
2
Q2:<\/M2—-I-p?+pt> ’T/:Qs
J 1 ( ! 1 do;;
dpa2 (T',pt,MQ) =T’Z/ _xﬁij <%’M?‘> - (x’pt’as’“?)
7 ij T

x dp?

THE LEADING-ORDER PARTONIC CROSS-SECTION
do o | (B py g i (p2/M2) | + 6(p2/M2) Dy
dp? ° p/M2 | ¢ ¢

p1. D1 NUM. COEFFICIENTS; Q1 FUNCTION

TRANSVERSE MOMENTUM DEPENDENCE REQUIRES AT LEAST ONE EMISSION = STARTS AT
O(as)

SINGULAR BEHAVIOUR AS p; — 0 = COLLINEAR LOG

CANCELLATION OF IR SING.: = p; PLUS DISTRIBUTION SAME ORIGIN AS 11— N
Jo d€g (&) f (&), =[5 dE [9(&) —g (O] f(&): & =p;/M

RESUMMATION REQUIRED IN ORDER TO OBTAIN RELIABLE PREDICTIONS FOR SMALL Dt,
E'n Y ]-



THE STRUCTURE OF TRANSVERSE MOMENTUM RESUMMATION

PHASE-SPACE FACTORIZATION
LONGITUDINAL < MELLIN; TRANSVERSE < FOURIER
%(as,p%) — M [ @2pe=iPe b (g, b2) = [F°dbb Jo(bgr) S(as, b?)
RESUMMATION
PDFS AT SCALE M2

Y (N, pe,as (M2),M?) = 0q [ dbb Jo (bpe) Hij (N, a. (M?)) S(M, N, b)

dp%

® {j PARTONIC SUBCHANNEL
e RESUMMATION = SUDAKOV EXPONENT

M2 442
S(M,b) = exp [—/ LQ

1 q
b

2

o (6 2 6.0

® LEADING LOG — LEADING ORDER A; DEFINES A-B SEPARATION

NOTE BEYOND NNLL A DIFFERS FROM CUSP ANOMALOUS DIMENSION

HARD FUNCTION

C', GG UNIVERSAL (DEP. ON PARTON)



THE STRUCTURE OF TRANSVERSE MOMENTUM RESUMMATION

PHASE-SPACE FACTORIZATION
LONGITUDINAL <+ MELLIN; TRANSVERSE <> FOURIER
4 (ap,?) = A [ e P S0, 12) = [ dbb Jo(bar) (e, 1)
RESUMMATION

PDFS AT SCALE 1/b?

dés;

dép

(N, £, Qs (M2> ,M2) — o0 /Ooo db g Jo (bps) Hij (N,as (Mz)) S(M,b)

e RESUMMATION = SUDAKOV EXPONENT

S(M,b) = exp [— é/lz Ci]—q; APt (as (q2)) ln]\j—; + BPt (as (q2))]]
b2

e B NOW N-INDEPENDENT

e A AND B DETERMINED FROM A, B, 8 FUNCTION & ANOMALOUS DIMENSIONS

HARD FUNCTION

H;j(as) = [Ci(N,b)Ci(N,b) + G;(N,b)G; (N, b)]

C', GG UNIVERSAL (DEP. ON PARTON)



APPLIED TRANSVERSE MOMENTUM RESUMMATION

RESUMMATION REQUIRED FOR ANY p;-DEPENDENT OBSERVABLES WHENEVER
pt < M: E.G. HIGGS, TOP, W, Z MOMENTUM DISTRIBUTION, OR HIGGS+JET &C

MATCHED TO FIXED ORDER

THRESHOLD RESUMMATION FOLLOWS FROM TRANSVERSE MOMENTUM
RESUMMATION

CLASSIC APPLICATION TO MATCHED NLL+FO (FONLL) HEAVY QUARK PRODUCTION
COLORED FINAL STATES — MORE COMPLICATED STRUCTURE
REQUIRED FOR JET-VETOED CROSS-SECTIONS

USED IN ¢:-SUBTRACTION AS A TOOL FOR HIGHER FO COMPUTATIONS

NNLL AVAILABLE FOR MOST LHC PROCESSESS



HIGH-ENERGY RESUMMATION:
FACTORIZATION

. (Q2 N?c u,%

2 2
o ’ QQ, Q2 nvﬂryufaas)[dpL][dnL]

k2
e SUDAKOV PARM. FOR py,, 1;; HIGH ENERGY LIMIT: z < 1, -t <1

e TWO-GLUON REDUCIBLE DIAGRAM ONLY CONTRIBUTES IN HIGH ENERGY LIMIT, UP TO POWER
SUPPRESSION

e REDUCIBLE LINE CONNECT HARD 2GI TO EXTERNAL LADDER
— RADIATION FROM EXTERNAL LINES AGAIN

e LORENTZ DECOMPOSITION OF LADDERS & HARD:
ONLY LONGITUDINAL CONTRIBUTES IN HIGH ENERGY LIMIT



THE LADDER EXPANSION

e LADDER OBTAINED BY ITERATION OF A 2GI KERNEL

e THE INTEGRATE)D KERNEL IS A LLx ANOlé/[ALOUS DIMENSION:

2 2
H B
K (3 ( ) canie) = (3. (5 )



RESUMMATION AND THE OFF-SHELL CROSS-SECTION

|
! 2
|
|

[ans

H(navapf'.'aS) 54(p+n_p8_pX)

Os

Ores (N, as) =7y (W)

o0 g oo _ Qg _
R(S)T [ GO [T @) 0 0 (ke R o)
0 0

e THE ITERATED KERNEL (ANOMALOUS DIMENSION) EXPONENTIATES: exp [yInk?] = (k)"

e THE CONVOLUTIONS LOOK LIKE k¢-SPACE MELLIN-TRANSFORMS (kZ? GLUON OFF-SHELLNESS)



RESUMMATION AND THE OFF-SHELL CROSS-SECTION

2

dalp+n —ps — px)

>° Mj -1 OO 72 (1 21 2 (7 \2
h (N, Ml,Mg,as)_MlMgR(Ml)R(Mg)/ dk, > / C’(N,kt , (Fe) ,ozs)

e THE ITERATED KERNEL (ANOMALOUS DIMENSION) EXPONENTIATES
e THE CONVOLUTIONS LOOK LIKE k+-SPACE MELLIN-TRANSFORMS (k? GLUON OFF-SHELLNESS)

e RESUMMATION < OFF-SHELL CROSS-SECTION WITH M = ~



RESUMMED EVOLUTION
DUALITY OF THE ANOMALOUS DIMENSIONS

THE ALTARELLI-PARISI EQN IS AN INTEGRO-DIFFERENTIAL EQUATION = IT CAN
BE EQUIVALENTLY VIEWED AS QQ—EVOLUTION EQUATION FOR x—MOMENTS
(usual RG eqn.), OR x—EVOLUTION EQUATION FOR QQ—MOMENTS(BFKL eqn.)

EVOLUTION IN ¢ = In Q2 ) EVOLUTION IN ¢ =In1l/x
L GQ(N,t) = (N, as) G(N,t) #G(& M) =x(M,a;s) G, M)
MELLIN £z—MOMENTS MELLIN (Q°~MOMENTS
G(N,t) = [, dee™NE G, 1) G(&, M) = [ _dte=M! G(¢,1)

THE TWO EQUATIONS HAVE THE SAME SOLUTIONS
PROVIDED THE EVOLUTION KERNELS ARE RELATED BY

X(V (N, as), as) = N
YX(M, as), as) = M

& BOUNDARY CONDITIONS RELATED BY
Ho[M] = Go(N) = Ho[y(N, as)|/x (v(N, as))



.. CAN SWITCH FROM LLQ? TO LL1/x

CHOOSING THE EVOLUTION KERNEL
In 1/2 EVOLUTION

BFKL LL1/z Evolution

I'ds ¢ Urrdy Eaomgron

VYL I-LILIeT

%
L




1.0

0.0

. .. IN EITHER EQUATION!
In > EVOLUTION

Altarelli-Parisi

‘LLQ? & NLLQ? Evolution




DUAL PERTURBATIVE EXPANSIONS
¥: a®NT" /

(2) &

_2ﬁ

(1) &

¥s(N) = c 1N

+ c

1/N POLES < Inl/x

Yo(IV)<=
~vo(ag /IN)

Vs

Xs

x: oM

Xsn

In 1/ EVOLUTION

~(1) ~(2) ~(2)

LDy yra2(52y )

(M) = a( =L 02

M

) =2

1/M POLES < In Q?
= Xs(as/M)

== vo(M)



APPLIED HIGH-ENERGY RESUMMATION
HIGH-ENERGY Y EVOLUTION KERNEL IS KNOWN UP TO NLO =- NLLX EVOLUTION

HIGH-ENERGY FACTORIZATION HOLDS FOR RAPIDITY & TRANSVERSE-MOMENTUM
DISTRIBUTIONS BUT ONLY ESTABLISHED TO LLX

OFF-SHELL CROSS-SECTION KNOWN FOR DIS, HEAVY QUARKS, HIGGS, DRELL-YAN,
JETS

ACCURATE PHENOMENOLOGY REQUIRES FORMALLY SUBLEADING CORRECTIONS TO
NLLX EVOLUTION:
LLQ2 RUNNING COUPLING & DOUBLE-LEADING Y SYMMETRIZATION

ONLY RECENTLY USED FOR IMPROVEMENT & PHENOMENOLOGY



SUMMARY

LARGE LOGS < SOFT/HARD GLUON EMISSION FROM EXTERNAL LINES
RADIATION IS EIKONAL <> UNIVERSAL FACTOR
FACTORIZATION OF EMISSION & HARD PART

SOFT-COLLINEAR: EXPONENTIATION FROM RG IMPROVEMENT
“PHYSICAL” ANOMALOUS DIMENSION DETERMINED TO ALL ORDERS
DETERMINES CROSS-SECTION

HIGH-ENERGY: EXPONENTIATION FROM KERNEL ITERATION
KERNEL DETERMINED BY COMPLEMENTARY EVOLUTION EQUATION,
HARD CROSS-SECTION FROM OFF-SHELL PROCESS



