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PREREQUISITES: QCD AS A GAUGE THEORY

LAGRANGIAN £ = —3G% G4, + >i (i — ma)e
— A% GENERATORS OF SU(3); [A%, A\?] = i f2Y¢\¢ ACTING ON 1)

ng = 6; My, = myg = mgs = 0 IN THE PERTURBATIVE REGIME

2
PERTURBATIVE EXPANSION PARAMETER s = i—;

DO NOT CONFUSE N, GAUGE GROUP & ny NUMBER OF FERMIONS (QUARKS)

2
RUNNING COUPLING: a(s) = 2‘552 )) = DECREASES AT HIGH ENERGY:
1+BO o In %

ASYMPTOTIC FREEDOM '



PREREQUISITES: RENORMALIZATION

THE BASIC IDEA: ¢* THEORY

Lr=—2Z¢* ¢p — ¢p¢ ELASTIC SCATTERING OF MASSIVE SCALAR FIELDS
¢
L & P?
do  _ g% 1. _ 5
dcosf ~ 128w s’ S_(pl +p2)
?1 P’
P, Py
2
t 2 me délc(,jsg = 13% %F(s,t): DIVERGES!;
F t = (p1 —p3)® u=(p1 —pa)
4

P

g ! M?(s) 2 2
F(s,t):AILmool—i—ST 3—|—/Oda;1n Az +s—=>t+s—>ul|l; M (s)=m"—xz(1—1x)s

T

RENORMALIZATION: EXPRESS A PHYSICAL OBSERVABLE IN TERMS OF
OTHER PHYSICAL OBSERVABLES:

WHAT IS THE CHARGE ¢g? DEFINE Jphys FROM dglgs )

2
_ Y9phys 1.
T 1287 s °

szt:u:,ug

2 2
do gphys 1 gphys /1 M (8) 2 2 2
= —F(s,t); F(s,t) =1+ —— In s—>t+s—u|; =M
deosd — 128m 50 (ot Fle ) =140 0 12 i i R (o)

UV SINGULARITY IS UNIVERSAL = REABSORBED IN DEF. OF THE COUPLING
NOTE DEF. OF THE COUPLING DEPENDS ON THE RENORMALIZATION SCALE ur



RG: THE BASIC IDEA

PHYSICAL RESULTS CANNOT DEPEND ON RENORMALIZATION SCALE Rr!

THE R RATIO

e+e —hadrons
ete— —>,u+u—

P M«i D M
CM: + 0 ()

IN THE FINAL STATE THERE ARE HADRONS, NOT QUARKS AND GLUONS!

INFINITE ORDERS NEEDED???
THE RG ARGUMENT

DIMENSIONAL ANALYSIS: R = R (ozs(,u R), M%)
R

RG INVARIANCE: ppz—R =0
SOLUTION: R = R (a(s))
RUNNING COUPLING «4($)

SCALING PERTURBATIVELY COMPUTABLE: /ﬁ%ﬁ%(u r) = Blas(ur))
R



THE RUNNING COUPLING

R G IM?
CM; + 0 [de)

QCD BETA FUNCTION: B(as(u)) = M 2 as(p);

B(Oés) = —Bo 27T052 + O( ), Bo = 6 (1ch — 2nf);
for SU(N.), Cx = N¢

SOLUTION RESUMS ALL ORDERS IN a/(p?):
2
as(s) = 1+50§;((52))1n =y (1 — Boas(p?)In 55 + .. )
©

Qg ~ 12<:>0431n%rv1

Ins/p

DIMENSIONAL TRANSMUTATION: DEFINE A SUCH THAT
1

as(A) =00 & as(s) = BoTn 5/A

CAN COMPUTE R FROM PERTURBATIVE DIAGRAMS = RESUMMED PERT. EXPANSION



PERTURBATION AT LEADING ORDER:
THE PARTON MODEL
EXAMPLE: e — p SCATTERING
LEPTON-PROTON REDUCED TO PHOTON (W, Z)-QUARK; k/ — k = ¢
CROSS-SECTION DEPENDS ON MOMENTA (p, q)
= SCALE Q? = —¢? & DIMENSIONLESS RATIO x5 = % (Bjorken variable)

LEADING-ORDER: (zp + q)? = 0 = x = x5; CROSS-SECTION 0 x §(z — = 5)




BEYOND LEADING ORDER

CROSS-SECTION DEPENDS ON MOMENTA (p, q)

2
= SCALE Q? = —¢? & DIMENSIONLESS RATIO x5 = % (Bjorken variable)

LEADING-ORDER: (zp + q)? = 0 = & = z5; CROSS-SECTION ¢ « §(z — z3)

NEXT-TO-LEADING-ORDER;
— INTEGRATE OVER MOMENTUM OF EMITTED GLUON k: d3k = d?ksdk,: k., =

— PROPAGATOR OF INTERMEDIATE QUARK ~ 1 — 1

(p—k)2 — kZ

dk?
— LOGARITHMICALLY DIVERGENT k—;
t

COLLINEAR SINGULARITY => SENSITIVE TO IR PHYSICS???

LEADING-ORDER NEXT-TO-LEADING-ORDER
X
11 q A
? é\ +q p-k+q
Xe - W -
K

3

k-
P




SCALE SEPARATION

THE WILSON EXPANSION

OPTICAL THEOREM FOR THE INCLUSIVE CROSS SECTION

o= ZI (X[py") —Im<m Py
1 2
— /
2 = -
X T
P

OPERATOR-PRODUCT MATRIX ELEMENT

(Y (@)lpy"(9)) =i / (;iwc &% (p| J* () J” (0)|p) = W




SCALE SEPARATION

EXPANSION OF THE OPERATOR PRODUCT

ZO 2)or”

AS ||z#|| — 0 ONLY LOW-DIM OPERATORS SURVIVE
|z#|| — 0 SHORT DISTANCE < Q2 — co HIGH ENERGY
MATRIX ELEMENT OF OPE

f(g )4€qu (p|J(z)J(0)|p) = Zq, (p|Oilp) X Ci(Q2)

q 1 z1
— -Z==®.==?='X
- R

o P*q

e (O;) DEPENDS ON STATE |p), DOES NOT DEPEND ON g

e (;(Q?) DEPENDS ON g RECALL ¢°> = —Q?, DOES NOT DEPEND ON STATE |p)

FACTORIZATION!



THE LIGHT-CONE EXPANSION

A SUBTLETY: 2 — 0 DOES NOT IMPLY z* — 0 (2 — 0o DOES NOT IMPLY g* — 00!
2 2
L~ g# BUT £~ = 7 FIXED!!
2p-q 2p-q
LEADING TWIST OPERATORS
oMY ALYk —2
Ji(@)J* (0) = ¥, Cr(a?)O} Ty - Ty
TWIST OF THE OPERATOR= dim.-spin
TWIST 2 OPERATORS

O DI TR=2 _ fongrgen  gow—zq; OB ONTTETE g g gon-2qv,
OPE MATRIX ELEMENTS
i 5 (2 Lt (p|J" (2) 7% (0)|p) = Zk<p|0(2 DI ER=2 pyi [ 4 (27 fmek(wQ)wal o Tay,

wC%&: E :?;f:f. PN SRR Al

[, pta
. k—2 _u, v
=3, (25_261) PE Ak Ce(@)+ ...
° <p|O(2’q)/M/Ot1---O‘k—2|p> = App"p"p*1 ... p%k—2; A, reduced mat. el.

o i [ -4z (2 ) 1Oy () = é%Ck(Cf) etc.



FACTORIZATION
THE UNIVERSALITY TRICK

e THE COEFFICIENTS DO NOT DEPEND ON THE STATE
e WHAT HAPPENS IF WE EVALUATE THE OPE IN A QUARK STATE?

e WHAT IS THE PROBABILITY OF FINDING A QUARK INSIDE A QUARK?

W (2,Q%) = 3 (2)"7 BB Cr(Q)
q % . (&)
27 Z qu)? -"""‘*;-—;-ar
Ptq

WILSON COEFFICIENTS <> SCATTERING OF A FREE QUARK! (PARTON MODEL, ANYONE?)

e PARAMETRIZE W uv W. FORM FACTORS W;:
Hq . .
W’“’z( g + 4 )W1+( q“%) (p”—q”p—gq) 25 W2

e LAURENT EXPANSION W (z, Q%) = 37, (£)* 71 €1 (Q?)



Cr(Q?) = w Tk Wa(w, Q?) = [ dza*—2ImWa(z, Q)

FACTORIZATION
WHAT ABOUT THE MATRIX ELEMENTS?

EXTRACTION OF THE k-TH COEFFICIENT
INTEGRATION
PATH

A

27‘(@

= [y deab2Fy(z, Q?)

QUARK (PARTON)
” 2
fol drxh—1 % = C%(Q?) : COMPUTABLE!
: = HADRON
S dwak—1 E297) — A Oy (Q?) WHAT ARE THE Aj?

THE MELLIN TRANSFORM
F(N) = [ deaV=1f(z) & f(z) = [*°°_dNz~NF(N) (INVERSION)
F(N)G(N) = f01 dezN~1h(z) & h(z) = ff” dy ¢ ( ) (CONVOLUTION)
THE PARTON DISTRIBUTION

Jy dza*~lq(z) = Ak & F(@, Q%) = [; % (£,Q%)) aly); C = £



PHYSICAL INTERPRETATION
THE PARTON DISTRIBUTION
[y deaN"lq(z) = Ay & ANplpYp®t ... pO¥N=2 = (p|lpyHY D1 ...9%~24)|p)

EXAMPLE: N = 2, THE ENERGY-MOMENTUM TENSOR:
1 J—
(Jo dwzg(z)) AnpHp?p™t = (pliby 1107} lp)
FRACTION OF THE PROTON ENERGY-MOMENTUM CARRIED BY QUARK = ¢(x) MOMENTUM FRACTION
“PROBABILITY”

THE HADRONIC OBSERVABLE

o@) = [} 25 (2,0%)q(y)

o — HADRONIC OBSERVABLE; 6 — PARTONIC OBSERVABLE

2
x Q
= = — D — AT PARTON LEVEL

THE PARTON MODEL FROM QCD

COMPUTE PERTURBATIVELY PROCESS WITH INCOMING QUARKS

LET INCOMING QUARK MOMENTUM p = yp WHERE p INCOMING HADRON MOMENTUM

INTEGRATE OVER ALL VALUES OF z < y < 1 WHERE x HADRONIC VALUE

e INTEGRATION WEIGHT GIVEN BY PDF



TECHNICALITIES AND SUBTLETIES
e QUARK AND GLUON OPERATORS/PDFs

e ONE FERMION OPERATOR FOR EACH QUARK FLAVOR

— EVEN MOMENTS = (C-EVEN (QUARK+ANTIQUARK), ODD MOMENTS = (C'-ODD
(QUARK-ANTIQUARK)

— ANALYTIC CONTINUATION = ONE PDF FOR QUARK, ONE FOR ANTIQUARK

e CONSTRUCTION OF THE OPERATOR BASIS:
— SYMMETRIZE AND SUBTRACT TRACE < SPIN EIGENSTATES
— BEYOND LEADING ORDER 0% — D* = GAUGE INVARIANT
— COLOR INDICES SUMMED => COLOR SINGLET



FACTORIZATION
HADRONIC PROCESSES?

LEPTON-HADRON

e SCALE Q? = —¢?

e SCALING VARIABLE z =
Q2
2p-q

e FACTORIZATION < ONLY
ONE INCOMING PARTON
(OPE)

HADRON-HADRON
e SCALE M?2

e SCALING VARIABLE T =

NN

e FACTORIZATION <> NO
¢ ?"' e INTERFERENCE
1 BETWEEN INCOMING
HADRONS (POWER
COUNTING)

(Ellis, Georgi, Machecheck,
Politzer, Ross, 1978; Collins,
Soper, Sterman, 1982)



T

FACTORIZATION:
LEPTON-HADRON VS HADRON HADRON
ONE HADRON IN THE INITIAL STATE

T: SCALING VARIABLE FOR HADRONIC PROCESS (MEASURED HADRON KINEMATICS)
z: SCALING VARIABLE FOR PARTONIC PROCESS (COMPUTED PARTONIC FEYNMAN DIAGRAM)

r1, 2. MOMENTUM FRACTIONS CARRIED BY INCOMING PARTONS

L: PARTON LUMINOSITY

1 1 d 1 d
A Yy ~ [T Yy '\ .
o) = [ ax [ dwste - vawo) = [ Lawe (2) = [ Ya(2)ow = bedw
x z Y Yy xz Y Yy
T = x . SCALING VARIABLE FOR HADRONIC PROCESS (MEASURED HADRON KINEMATICS)
2: SCALING VARIABLE FOR PARTONIC PROCESS (COMPUTED PARTONIC FEYNMAN DIAGRAM)
y: MOMENTUM FRACTION CARRIED BY INCOMING PARTON
Q? DEP. OF o, 6 & g OMITTED
TWO HADRONS IN THE INITIAL STATE
1 d:cl dxo T
/dz dr1dr2d(T — x1222)q1(21)q2(T2)6(2 / / —dyq1 (r1)q2(x2)0 (a: "
122
L dq
Y T "
— [ Lewe () = £e )
" z
L dxq Y
tw) = [ Crawe (L) = oo el
y 1 1

)



PARTON KINEMATICS vs. HADRON KINEMATICS
=S P Lywe (T): Ly = [0 @) (L)

WHICH PARTON MOMENTUM FRACTION CONTRIBUTES TO A GIVEN HADRONIC PROCESS ?

INWl:RSION OF MELLIN TRAN§FEORMS

_ N—1 _ 10— N

MS(N)=["a" o(x) & o(x)=[""x "3(N)
integrate to the right of convergence abscissa

N
[ T N
/L

MELLIN INVERSION DOMINATED BY SADDLE POINT .”;‘.’f 2 i"i '.‘ > N
SADDLE: d‘}i\, [—NInT+1In f(N)]=0 Re
M(N) =6(N)f1(N)f2(N); LIN) = f1(N)f2(N)
ISOLATED POLES, CONVERGENCE ABSCISSA, SADDLE ON REAL AXIS
PDFs f(z) ~ 2%(1 — )% 6 ~Inz 4+ In(1 — z) = T
POSITION OF SADDLE CONTROLLED BY PDFS (LUMINOSITY) S x ~ Nk
FOR GIVEN HADRONIC KINEMATICS “_



HADRONIC vs PARTONIC
QUALITATIVE BEHAVIOUR

NNPDF3.0 (NNLO)

=S e (2): Ly = R nws ()

e f; QUARKS AND GLUONS, DEPEND ON PROCESS
e GLUON & ANTIQUARK SEA GROW A SMALL x = SMALL N
e “VALENCE” UP AND DOWN PEAK AT LARGE x ~ 0.3 = LARGE N

)G 2020)
SADDLE VS T = Q2 /s

T T 1T | T T T T LI l
8 pure sea ]
sea—valence

pure valence :
ol /3
L 7/
o | e
z L 4
4 _— —
2 __
L | L |
0.001 0.005 0.01 0.05 0.1
T
4 ————— ———r ; 7 7 —— T
= 125Gev - L VA AL bmiosty ) —
[ m,, =600 GeV -----. ] sl NG
35 large m, limit / 4
L R4 1 Q =100 GeV
[ '."/ i 5r NNPDF 2.0 (ag(my) = 0.118)
[ ' ]
3 NNLO s .
= [ (NLO is shown as a shadow) pid -
r L E3
25 g 3
L~
‘__-; -
_______ e 2
2 — O
T i
1.5 . | . | . | . L 1
0 \
1e-05 0.0001 0.001 0.01 0.1 % oo oot o



SUMMARY

ASYMPTOTIC FREEDOM FOLLOWS FROM RG IMPROVING THE COUPLING

RG INVARIANCE =- PERTURBATIVE CALCULATION OF INCLUSIVE QUANTITIES WITH
FINAL-STATE HADRONS (PARTON-HADRON DUALITY)

HADRONS IN THE INTIAL STATE? NLO INSTABILITY?

— FACTORIZATION
— SHORT DISTANCE — PERTURBATIVE PARTONIC CROSS SECTION

— LONG DISTANCE = PARTON DISTRIBUTION

MELLIN-SPACE PARTONIC KINEMATICS DETERMINED BY
PHYSICAL SPACE HADRONIC KINEMATICS



