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DISCLAIMER

Guido Altarelli (1941-2015)

• MY OWN UNDERSTANDING

• PERSONAL “HISTORICAL” RECONSTRUCTION & SELECTION



GIORGIO PARISI AND PERTURBATIVE QCD

• ABOUT 40 PAPERS (OUT OF MORE THAN 100) 1970-1980

• 1970-1973: BJORKEN SCALING AND THE PARTON MODEL

• 1972-1980: SCALING VIOLATIONS AND PERTURBATIVE QCD



SCALING AND THE PARTON MODEL



SCALING AND THE PARTON MODEL
SOME COMMON THEMES:

• PHENOMENOLOGICAL CONSEQUENCES OF SCALING

• WHAT IS THE NATURE OF PARTONS?

• EXPLAINING SCALING: CONFORMAL INVARIANCE?

• PHENOMENOLOGY: COMPUTATIONAL TECHNIQUES



SCALING AND THE PARTON MODEL
THE R RATIO

A DERIVATION OF THE (MODERN) LO RESULT:



THE “STANDARD” DERIVATION

BUT NO WILSON EXPANSION ⇒ “KINEMATIC” ARGUMENT

⇒ JUST EVALUATE M.E. OF FREE CURRENTS



WHAT ARE THE PARTONS?

PARTONS AS HADRONS

“...deep-inelastic scattering would not really in-

vestigate the structure of the proton, but that

of the vacuum”

→ MESONS AND BARYONS AS PARTONS ⇒ PREDICT
σlong

σtranv



PARTON MODEL AND CURRENT ALGEBRA
THE “GOTTFRIED” SUM RULE

ASSUME t-CHANNEL RESONANCE EXCHANGE:

SR DERIVED USING SU(3)

THE MODERN DERIVATION (LO QCD):∫ 1
0
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x
[F p
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USING ISOSPIN up = dn, un = dp & THE APPROX ū ≈ d̄



WHY SCALING?
CONFORMAL INVARIANCE

ASSUMPTIONS:

• β(gc) = 0, gc ̸= 0 ⇒ NONTRIVIAL FIXED POINT

• WILSON EXPANSION EXPANSION EXISTS ON THE LIGHT CONE,
MASS-INDEP. LEADING TERM

• CONFORMAL INVARIANCE AT SHORT DISTANCES

PROOF:

• CANONICAL LIGHT-CONE SINGULARITIES IN PRODUCT OF TWO CURRENTS, MASSIVE

⇒ ZERO-MASS THEORY IS FREE

• BJORKEN SCALING ⇒ CANONICAL LIGHT CONE SINGULARITIES

• BJORKEN SCALING ⇒ PARTON MODEL INVARIANCE AT SHORT DISTANCES



COMPUTATIONAL METHODS
e+e− → e+e−γ IN QED

• RESULT OBTAINED USING THE WEIZSÄCKER-WILLIAMS APPROXIMATION

• COMPARED TO EXACT RESULT & FOUND TO AGREE REASONABLY

EVEN FOR LARGE ANGLE



COMPUTATIONAL METHODS
e+e− → e+e−γ IN QED

METHOD FOR THE EXACT COMPUTATION

HELICITY TECHNIQUES:

BUILDING BLOCKS



SCALING VIOLATIONS AND QCD PHENOMENOLOGY



SCALING VIOLATIONS AND QCD PHENOMENOLOGY
SOME COMMON THEMES:

• ANOMALOUS DIMENSIONS AND SCALE DEPENDENCE

• PHENOMENOLOGY: PARTONS VS. OPERATORS

• PERTURBATIVE QCD PHENOMENOLOGY

• ALL-ORDER BEHAVIOUR & RESUMMATION



SCALING VIOLATIONS OF STRUCTURE FUNCTIONS

MELLIN MOMENTS AND ANOMALOUS DIMENSIONS:

P (x) = A[δ(1 − x) − x(1 − x)]

APPROXIMATE SCALING VIOLATION AS A CONVOLUTION

APPROXIMATE SCALING FOR x ∼ 0.1

,



SCALING VIOLATIONS: THEORY AND PHENOMENOLOGY

• CAN ONE COMPUTE THE ANOMALOUS DIMENSIONS?

• CAN ONE MEASURE THE ANOMALOUS DIMENSIONS?

GROSS-WILCZEK-POLITZER ANOMALOUS DIMENSIONS



THE SCALE DEPENDENCE OF STRUCTURE FUNCTIONS
THE ALTARELLI-PARISI EQUATION! (1974):

PROOF: (1) FOLLOWS FROM A RGE, TAKE INVERSE MELLIN



THE ALTARELLI-PARISI EQUATION
A PREVIEW: THE MORIOND LECTURES (APRIL 1976)

Part of the results presented here have been obtained by the author in collaboration with

G. Altarelli and R. Petronzio



• “THE CONSTITUENTS OF THE ELECTRON”: PHOTON SHOWERING IN QED ⇒
“GRIBOV-LIPATOV” EQUATIONS

• INTUITIVE ARGUMENT FOR ASYMPTOTIC FREEDOM: ANTI-SCREENING “ENANTION”

• QCD EVOLUTION EQUATIONS WRITTEN IN FULL, BUT SPLITTING FUNCTIONS NOT DERIVED

• COMPARISON TO DATA



THE ALTARELLI-PARISI EQUATION



MOMENTS ⇒ RGE⇒ AP EQUATION

⇒

AND ITS MEANING



THE SPLITTING FUNCTION
SPLITTING PROBABILITY & SPLITTING FUNCTION

THE WEIZSÄCKER-WILLIAMS APPROXIMATION

MATRIX ELEMENT

/pB
p2
B

=
∑

r ur(pB)ūr(pB) on shell; ⇒

CROSS SECTION

SPLITTING PROBABILITY



COMPUTING THE SPLITTING FUNCTION
THE SPLITTING PROBABILITY

KINEMATICS
PHASE SPACE

• “OLD” PERTURBATION THEORY

• ENERGY NOT CONSERVED

• CAN USE ON-SHELL SPINORS

SPLITTING PROBABILITY



COMPUTING THE SPLITTING FUNCTION
THE MATRIX ELEMENT

SPLITTING PROBABILITY SPLITTING FUNCTION

MATRIX ELEMENT

COLOR AND SPIN SUMS

THE SPLITTING FUNCTIONS

B ↔ C ⇔ Pgq(x) = Pqq(1 − x)



SPLITTING FUNCTION AND ANOMALOUS DIMENSION

• COMPUTE MELLIN MOMENTS

• MOMENTS OF Pqq, Pgg DIVERGE AT x = 1 ⇒ PLUS PRESCRIPTION

•
∫ 1
0 xn−1δ(1− x) = 1 ⇒ ADDITIVE CONSTANT IN ANOMALOUS DIMENSION

• CONSTANT FIXED BY SUM RULES:
∫ 1
0
dxPqq(x) = 0 CHARGE CONSERVATION;∫ 1

0
dxx (Pqg + Pgg) =

∫ 1
0
dxx (Pqq + Pgq) = 0 MOMENTUM CONSERVATION

THE ANOMALOUS DIMENSIONS

“This set of logarithmic exponents is seen to coincide

with the results of Georgi, Politzer, Gross, Wilczek”.



FURTHER DEVELOPMENTS

• THE POLARIZED CASE!

FULL SET OF POLARIZED SPLITTING FUNCTIONS

• BEYOND LEADING LOG:
RGE AND THE RUNNING OF αs AT LEADING LOG

RUNNING αs(t) RESUMS RGE AT LL ACCURACY



PHENOMENOLOGY BEYOND ALTARELLI-PARISI



THE DRELL-YAN pt DISTRIBUTION

⟨k2t ⟩ COMPUTED CONVOLUTING WITH PARTON LUMI

“With the advent of QCD factorization one was able to write the DY cross-section at measured

QT ” (Collins, Soper, Sterman, 1984)

THE JET SHAPE VARIABLES

EIGENVECTORS DEFINE STANDARD SHAPE VARIABLES (SPHERICITY, C–PARM)



QCD TO ALL ORDERS
TRANSVERSE MOMENTUM RESUMMATION

QED
EIKONAL PHOTON EMISSION

SOFT PHOTON EXPONENTIATION

QCD
INCLUSION OF RUNNING COUPLING

INTUITIONS

• INTEGRATE OVER αs(kt)

• b-SPACE APPROACH (FACTORIZES PHASE SPACE)

“an error...was corrected by Parisi and Petronzio...These authors introduced more powerful
techniques: they worked with the Fourier transform with respect to QT . . . and they showed the
usefulness of soft gluon methods” (Collins, Soper, Sterman, 1984)



QCD TO ALL ORDERS
THRESHOLD RESUMMATION

KINEMATICS

pm
t : max transverse mom.
NAIVE EXPONENTIATION

n: Mellin variable

INCLUSION OF RUNNING COUPLING

TIMELIKE VS. SPACELIKE

“The exponentiation of the factor 4
9π

2 is
rather doubtful”

INTUITIONS
• KINEMATIC ORIGIN OF SOFT LOGS

• MELLIN-SPACE EXPONENTIATION

• RUNNING αs(Q2/n)

• THE ORIGIN OF LARGE NLO π2; PROVEN BY MAGNEA AND STERMAN (1990),
“DISCOVERED” BY AHRENS, BECHER, NEUBERT, YANG IN 2009



CONCLUSION
QCD TO ALL ORDERS

THE HIGH-ORDER BEHAVIOR OF THE PERTURBATIVE EXPANSION

• DIVERGENCE OF PERTURBATIVE EXPANSION IN QFT

• SINGULARITIES IN BOREL TRANSFORM: RENORMALONS, INSTANTONS, LANDAU CUT


